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LINEARLY FOLIATED CALABI–YAU n-FOLDS
I. FIRST-ORDER DEFORMATIONS
ANTONIO RICCO
Abstract. We consider classes of noncompact n-folds with trivial canon-
ical bundle, that are linear foliations on nonsingular projective varieties,
in general without a projection to the base. We obtain them as first-
order deformations of total spaces of vector bundles on those varieties.
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Introduction
A very important question in geometry, and also a hard one, is related to
the classification of algebraic varieties with trivial canonical bundle, known
as Calabi–Yau n-folds, in particular in dimension three. In fact, Calabi–
Yau n-folds can be considered as the complex analogue of oriented real
n-manifolds, [4]. Moreover, the lack of understanding of the Calabi–Yau
case is regarded as one of the principal gaps in the classification of algebraic
threefolds, see for example [3] and the references therein.
On the other hand, a much simpler question concerns the local aspect of
a Calabi–Yau n-fold along an embedded subvariety, that is, the description
of the tubular neighborhood of a subvariety in a Calabi–Yau n-fold. In
this note we will focus on the case in which the subvariety is nonsingular,
considering projective Calabi–Yau n-folds.
Let X be a nonsingular projective variety with trivial canonical bundle
and let M be a nonsingular subvariety of X. The normal cone to M in X
is isomorphic to a vector bundle on M , with rank equal to the codimen-
sion of M in X, and called the normal bundle of M in X. We will study
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deformations to the normal cone at the first order, for details see [2], that
is, first-order deformations of total spaces of vector bundles on nonsingular
projective varieties. Moreover we will impose on them the vanishing of the
canonical bundle.
This note is organized as follows. Let M be a nonsingular m-dimensional
projective variety, and V →M a rank-r vector bundle. Wanting to describe
the group H1(V, TV ), see [1], we will first notice (Section 1.1) that we have
a non-canonical isomorphism of the form
H1(V, TV ) ≃ Hvert ⊕Hhoriz
with
Hvert := H
1(M,V ⊗ SymV ∗)/im(δ1)
Hhoriz := ker
(
δ2 : H
1(M,TM ⊗ SymV
∗)→ H2(M,V ⊗ SymV ∗)
)
where SymV ∗ is the symmetric algebra of the dual bundle of V . In fact,
this splitting is given by a long exact sequence in cohomology, induced by
the Atiyah sequence
0→ π∗V → TV → π
∗TM → 0,
and δq : H
q(M,TM ⊗ SymV
∗) → Hq+1(M,V ⊗ SymV ∗) are the usual con-
necting morphisms. In such a way, we can reduce the deformation problem
for the total space of V to the study of groups, Hvert and Hhoriz, that are
defined in terms of cohomology groups on the baseM . Those groups and the
maps among them can be quite explicitely computed in Cˇech cohomology
(Section 1.2).
For us a Calabi–Yau variety is a variety X with trivial canonical bundle,
i.e. such thatKX ≃ OX . Thus, the total bundle of V is a Calabi–Yau variety
when detV ≃ KM . Given the previous splitting of H
1(V, TV ) into groups
defined on the base M , we would like to understand which deformations
preserve the Calabi–Yau structure of the total space of V . We will observe
that there exists a map (Section 2)
∂# : H1(V, TV )→ H
1(V,OV )
from the deformations of V to the deformations of its canonical bundle,
whose kernel, in the case in which V is Calabi–Yau, gives the deformations
with trivial canonical bundle. This map is induced in cohomology by the
differential map
∂ : TV → OV .
Finally, in the last section, we will consider the case of a nonsingular curve
in a nonsingular Calabi–Yau n-fold.
1. Vector bundles and nonlinear deformations
1.1. An exact sequence in cohomology. Let π : V → M be a rank-r
vector bundle over a m-dimensional nonsingular projective variety M . We
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will use the same symbol for the vector bundle, for the locally-free sheaf of
its sections, and for its total space.
We would like to describe the groupH1(V, TV ), of first order deformations
of the total space of V , in terms of groups defined on the base M . To this
aim, let us first notice the following.
Lemma 1. Let E → M a vector bundle on M and π∗E → V its pullback
bundle over the total space of V . Then
H i(V, π∗E) ≃ H i(M,E ⊗ SymV ∗),
where V ∗ denotes the dual bundle of V and SymV ∗ :=
⊕
d≥0 Sym
dV ∗ is the
symmetric OM -algebra of V
∗.
Proof. Since π : V →M is an affine morphism, for any quasi-coherent sheaf
E on V we have H i(V, E) ≃ H i(M,π∗E). Thus, in particular,
H i(V, π∗E) ≃ H i(M,π∗π
∗E).
Since E is a locally-free sheaf of finite rank, we now use the projection
formula, that gives π∗π
∗E = E⊗π∗OV , and, together with π∗OV ≃ SymV
∗,
the result. 
Let us also notice that we have the exact sequence of vector bundles
(Atiyah sequence)
0→ π∗V → TV → π
∗TM → 0.(1)
Lemma 2. The sequence (1) induces the long exact sequence
0 → H0(M,V ⊗ SymV ∗)→ H0(V, TV )→ H
0(M,TM ⊗ SymV
∗)→
→ H1(M,V ⊗ SymV ∗)→ · · ·
Proof. Using the previous lemma and the usual long exact sequence induced
in cohomology by (1). 
Finally, let us notice that the image of the map
H1(M,V ⊗ SymV ∗)→ H1(V, TV )
gives the deformations for which there exists a projection to the base M .
1.2. The sequence in Cˇech cohomology. Let us begin with some no-
tational remark. In the following we will consider locally-free sheaves E of
sections of vector bundles which have been trivialized on an open covering
U = {Uα}, so each section over Uα will be identified with vectors of func-
tions fα on Uα. As usual, changing trivialization we will have to multiply
by the appropriate transition function. As a notational choice, the higher
cochains fα0α1...αq , defined on Uα0α1...αq , will be given by vectors of functions
using the trivialization on Uαq . In this notation, if Eαβ are the transition
functions of E on Uαβ , the Cˇech differential
δ : Cˇ•(U , E)→ Cˇ•(U , E)
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will act on a q-cochain {fα0···αq} as
(δf)α0···αq+1 =
q∑
j=0
(−)jfα0···αˆj ···αq+1 + (−)
q+1Eαq+1αqfα0···αq
∣∣∣∣∣∣
Uα0···αq+1
.
When using a different trivialization, we will explicitely indicate it with a
superscript, i.e.
f (αk)α0...αk...αq := Eαkαqfα0...αk...αq .
Let again π : V → M be a rank-r vector bundle over a m-dimensional
nonsingular projective variety M over C. Let U = {Uα} be a sufficiently
fine open covering for M over which V trivializes, with local coordinates
{zα = (z
1
α, . . . , z
m
α )}. Let {fαβ(zβ) = (f
1
αβ(zβ), . . . , f
m
αβ(zβ))} be the transi-
tion functions for the given atlas and Vαβ(zβ) the matrix of transition func-
tions for V . An open covering of the total space of V is given byW = {Wα},
where Wα := Uα × C
r, and the transition functions on Wα ∩Wβ are{
zα = fαβ(zβ)
wα = Vαβ(zβ)wβ
(2)
where wα =
(
w1α, . . . , w
r
α
)
are coordinates on the fibre Cr.
The first order deformations of the total space of V , i.e. a fibre p−1(ǫ) of
a family p : V → Spec(C[ǫ]/ǫ2) with central fibre V , can be represented by
the transition functions on Wα ∩Wβ(
zα
wα
)
=
(
fαβ(zβ)
Vαβ(zβ)wβ
)
+ ǫMαβ(zβ, wβ)
(
ζαβ
ωαβ
)
(3)
where {(ζαβ , ωαβ)} are regular on Wα ∩Wβ, and ǫ
2 = 0. For convenience,
we multiplied the deformation term by
Mαβ :=
(
Jαβ 0
Rαβ Vαβ
)
,(4)
where Vαβ is the matrix of transition functions for V , and Jαβ and Rαβ are
the m×m and m× r matrices with coefficients
(Jαβ)
a
b
:=
∂faαβ
∂zbβ
, (Rαβ)
i
b
:=
r∑
j=1
∂ (Vαβ)
i
j
∂zbβ
wjβ(5)
with a, b = 1, . . . ,m and i, j = 1, . . . , r. Notice that Jαβ is the matrix of
transition functions of TM on Uα ∩Uβ and Mαβ the one of TV on Wα ∩Wβ.
As expected, we have the following
Lemma 3. The deformation terms {(ζαβ , ωαβ)} are cocycles representing
elements in the Cˇech cohomology group Hˇ1(V, TV ).
Proof. The compatibility on triple intersections gives
Jαγζαγ = Jαγζβγ + Jαβζαβ
Rαγζαγ + Vαγωαγ = Rαγζβγ + Vαγωβγ +Rαβζαβ + Vαβωαβ
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i.e. the cocycle conditions(
ζαγ
ωαγ
)
=
(
ζβγ
ωβγ
)
+Mγβ
(
ζαβ
ωαβ
)
If we impose the equivalence of two deformations when they are related by
a change of local coordinates of the form(
z′α
w′α
)
:=
(
zα
wβ
)
+ ǫ
(
hα(zα, wα)
gα(zα, wα)
)
we obtain the coboundary conditions(
ζ ′αβ
ω′αβ
)
−
(
ζαβ
ωαβ
)
=
(
hα
gβ
)
−Mαβ
(
hβ
gβ
)
and the statement. 
Let as before π : V → M be a vector bundle and let us consider an-
other vector bundle E → M and its pullback bundle π∗E → V . A section
{ηα(zα, wα)} of π
∗E on ∪Wα ≃ ∪(Uα×C
r) can be expanded in polynomials
of degree d in {wα} as
ηα(zα, wα) =
∑
d
ε(d)α (zα) · (wα)
⊗d(6)
where ε
(d)
α (zα) is a (symmetric) tensor-valued function on Uα and
ε(d)α · (wα)
⊗d :=
r∑
i1,...,id=1
(ε(d)α )i1i2...idw
i1
α · · ·w
id
α .(7)
On Uαβ one has
(ε(d)α )i1...id =
r∑
j1,...,jd=1
Eαβ(V
∗
αβ)
j1
i1
· · · (V ∗αβ)
jd
id
(ε
(d)
β )j1...jd
where Eαβ are the transition functions for E and V
∗
αβ = (V
T
αβ)
−1, i.e. {ε
(d)
α }
is a section of E⊗SymdV ∗ on ∪Uα. It is easy to see that the previous expan-
sion, when applied to Cˇech cocycles, commutes with the Cˇech differential
and gives the explicit isomorphism of Lemma 1.
In particular, we can apply the previous considerations to sections {ζα(zα, wα)}
and {ωα(zα, wα)}, respectively of π
∗TΣ and of π
∗V on ∪Wα ≃ Uα×C
r, and
expand them in polynomials as
ζα(zα, wα) =
∑
d
ρ(d)α (zα) · (wα)
⊗d
ωα(zα, wα) =
∑
d
σ(d)α (zα) · (wα)
⊗d.(8)
The Atiyah sequence on the Cˇech complexes of Cˇech cochains reads
0→ Cˇ•(W, π∗V )→ Cˇ•(W, TV )→ Cˇ
•(W, π∗TM )→ 0
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where
i#q :
{
ωα0α1...αq
}
→
{
(0, ωα0α1...αq )
}
p#q :
{
(ζα0α1...αq , ωα0α1...αq )
}
→
{
ζα0α1...αq
}
and, as usual, they induce maps in cohomology. The connecting morphisms
are
δq : Hˇ
q(W, π∗TM )→ Hˇ
q+1(W, π∗V )
with
δqζ|α0...αq+1 = (−)
q+1Rαq+1αqζα0...αq .
Finally, let us notice that they can be decomposed, according to (8), as
δq =
∑
d δ
(d)
q , with
δ(d)q : Hˇ
q(U , TM ⊗ Sym
dV ∗)→ Hˇq+1(U , V ⊗ Symd+1V ∗),
where the maps δ
(d)
q act on cocyles as(
δ(d)q ρ
(d)
∣∣∣
α0...αq+1
)i
i1...id+1
= (−)q+1
n∑
b=1
∂(Vαq+1αq )
i
i1
∂zbαq
(ρ(d)α0...αq )
b
i2...id+1
.
2. Calabi–Yau condition
Let as before π : V →M be a rank-r vector bundle over a m-dimensional
nonsingular projective variety M over C.
The Calabi–Yau condition for the total space of V , i.e. the triviality of
its canonical bundle KV ≃ OV , is equivalent to the condition detV ≃ KM .
This can be seen for example by using the Atiyah sequence of vector bundles
on V and
KV ≃ (detTV )
−1 ≃ π∗
(
(detV )−1KM
)
.(9)
In local coordinates the Calabi–Yau condition gives the condition on the
cocycles {Jαβ} and {Vαβ}
det Jαβ detVαβ = 1 .(10)
2.1. Another map in cohomology. We now want to consider, among the
first-order deformations of the total space of V , those that do not deform
the canonical bundle. In particular, in the case in which the total space of V
has trivial canonical bundle, these deformations leave the canonical bundle
trivial. We have the following proposition.
Lemma 4. The map
∂# : H1(V, TV )→ H
1(V,OV ) ,(11)
induced in cohomology by the differential map (divergence)
∂ : TV → OV(12)
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associates to a first-order deformation δǫV of the total space of V , a first-
order deformation δǫKV of the canonical bundle KV of the total space of V .
Its kernel gives the deformations that leave invariant the canonical bundle
(Calabi–Yau deformations).
Proof. Recall the transition functions for Vǫ (with ǫ
2 = 0)(
zα
wα
)
=
(
fαβ(zβ)
Vαβ(zβ)wβ
)
+ ǫMαβ(zβ, wβ)
(
ζαβ
ωαβ
)
where {(ζαβ , ωαβ)} are cocycle representatives of elements of Hˇ
1(V, TV ). The
transition functions for the top forms are
dz1α ∧ · · · ∧ dz
m
α ∧ dw
1
α ∧ · · · ∧ dw
r
α =
detMαβ det
(
1 + ǫM−1αβNαβ
)
dz1β ∧ · · · ∧ dz
m
β ∧ dw
1
β ∧ · · · ∧ dw
r
β,
where
Nαβ =
(
∂
∂zβ
∂
∂wβ
)
⊗Mαβ
(
ζαβ
ωαβ
)
.
Moreover, since ǫ2 = 0, we have the identity
det
(
1 + ǫM−1N
)
=
(
1 + ǫTrM−1N
)
.
Notice now that we can write the term TrM−1N , giving the first-order
deformations of the canonical bundle, as
TrM−1αβNαβ =
m∑
a=1
∂ζ
(α)a
αβ
∂zaα
+
r∑
k=1
∂ω
(α)k
αβ
∂wkα
where the superscript (α) on ζ
(α)a
αβ and ω
(α)k
αβ means that the cocycles are
represented in the trivialization for the chart Uα. In fact,
Tr (M−1αβNαβ) =
〈
M−1Tαβ (
∂
∂zβ
,
∂
∂wβ
),Mαβ(ζαβ, ωαβ)
〉
.
In the Uβ-trivialization we have
Tr (M−1αβNαβ) =
m∑
a=1
∂ζaαβ
∂zaβ
+
∂καβ
∂zaβ
ζaαβ +
r∑
k=1
∂ωkαβ
∂wkβ
where καβ := ln(detJαβ detVαβ), i.e. καβ = 0 in the case in which V is
Calabi–Yau. 
2.2. The condition reduced to the base. Given a vector bundle V and
its dual V ∗, we have natural contraction maps (also called internal products)
c(p,q) : Sym
pV ⊗ Symp+qV ∗ → SymqV ∗.
Going back to the Calabi–Yau condition, we have the following.
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Lemma 5. The map
∂# ◦ p#
∣∣∣
d
: H1(M,V ⊗ SymdV ∗)→ H1(M,Symd−1V ∗)
is the map induced in cohomology by the contraction map c(1,d−1).
3. Dimension one
Let π : V → Σ a rank k vector bundle on a nonsingular curve Σ. In
this case, the exact sequence of Lemma 2 stops in grade 1 and we do not
have higher obstructions. Now, we could repeat step-by-step the passages of
the previous sections, considering the simplifications of the case of a curve.
Instead, we take a slightly different viewpoint.
Let us first remark that to study deformations of the total space of V , we
can reduce to the case in which V is a sum of line bundles, in the following
sense. Since every vector bundle of rank r > 1 over a nonsingular curve
contains a line bundle as a sub-bundle, we have a sequence of inclusions of
vector sub-bundles
φ1 = V1 ⊂ V2 ⊂ · · · ⊂ Vr−1 ⊂ Vr = V
and extensions
0→ φ1 → V2 → φ2 → 0
0→ V2 → V3 → φ3 → 0
· · ·
0→ Vr−1 → V → φr → 0 .
This implies, by using the openness of versality theorem, see [1], a sequence
of inclusions of versal deformations
Def(V ) ⊂ Def(Vr−1 ⊕ φr) ⊂ · · · ⊂ Def(φ1 ⊕ · · · ⊕ φr) .
In the case in which V ≃ V0 = φ1 ⊕ · · · ⊕ φr, the transition functions for
the deformation have the form

zα = fαβ(zβ) + ǫf
′
αβ(zβ)ζαβ(zβ , ωβ)
wjα = φ
j
αβ(zβ)
(
wjβ + ǫω
j
αβ(zβ , wβ) + ǫ(φ
i
αβ)
−1 ∂φ
i
αβ
∂zβ
wiβζαβ
)
for j = 1, . . . , r,
where {φjαβ} are the transition functions for the line bundles φj . Moreover
we have
Symd (φ1 ⊕ · · · ⊕ φr)
∗ =
d⊕
m1,...,mr=0
m1+···+mr=d
φ−m11 · · ·φ
−mr
r .(13)
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If we write the deformations in the form
ζαβ(zβ , wβ) :=
∑
m1,...,mr
ρ
(m1···mr)
αβ (zβ)(w
1
β)
m1 · · · (wrβ)
mr
ωjαβ(zβ , wβ) :=
∑
m1,...,mr
σ
j(m1···mr)
αβ (zβ)(w
1
β)
m1 · · · (wrβ)
mr
then we have, as a simple corollary of the previous lemmas and by using
(13), or by direct computation,
{ρ
(m1···mr)
αβ } ∈ H
1(Σ,K−1Σ φ
−m1
1 · · ·φ
−mr
r )
and, for {ρ
(m1···mj−1···mr)
αβ } = 0,
{σ
j(m1···mr)
αβ } ∈ H
1(Σ, φ−m11 · · · φ
−(mj−1)
j · · ·φ
−mr
r ).
The Calabi–Yau condition on each intersection Uαβ reads
∂ζαβ
∂zβ
+
(
∂
∂zβ
ln f ′αβφ
1
αβ · · ·φ
r
αβ
)
ζαβ +
r∑
k=1
∂ωkαβ
∂wkβ
= 0,(14)
that is, for the Calabi–Yau case f ′φ1 · · ·φr = 1,
∂ζαβ
∂zβ
+
r∑
k=1
∂ωkαβ
∂wkβ
= 0.(15)
Expanding in powers of w as before, the Calabi–Yau condition becomes
∂
∂zβ
ρ
(m1···mr)
αβ = −
r∑
j=1
(mj + 1)σ
j(m1···mj+1···mr)
αβ .(16)
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